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Nambu-Goldstone bosons characterized by the order parameter in spontaneous
symmetry breaking
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Electronics and Photonics Research Institute, National Institute of Advanced Industrial Science and Technology (AIST),
Tsukuba Central 2, 1-1-1 Umezono, Tsukuba 305-8568, Japan
We present explicitly a relation between the Nambu-Goldstone boson and the order parameter in
non-relativistic systems with spontaneous symmetry breaking. We show that the Nambu-Goldstone
bosons are characterized by transformation property of the order parameter under symmetry trans-
formation of a system. We give an explicit formula for the Nambu-Goldstone boson for a general
Lie group G, and then the number of the Nambu-Goldstone boson is derived straightforwardly
from the form of the order parameter (the type of symmetry breaking). We show that the Ward-
Takahashi identity is modified in the presence of the Nambu-Goldstone boson, where the generalized
Ward-Takahashi identity includes the coupling (the vertex function) between fermions and Nambu-
Goldstone bosons. The closed equation for the Green’s functions of Nambu-Goldstone bosons is
derived by introducing the fermion-Nambu-Goldstone boson vertex function. Examples are given
for G = SU(2) (ferromagnetic), U(1) (superconductor) and SU(3) symmetry breaking.
I. INTRODUCTION
Symmetry is important for a better understanding of
the laws of nature. When the Lagrangian or the Hamil-
tonian is invariant under a symmetry transformation, we
have a conserved current and a conserved quantity. When
the Lagrangian is not invariant under some transforma-
tion, the corresponding conservation of the current is vi-
olated. There is often the case where the Lagrangian
is invariant under a symmetry transformation, but the
state is not invariant under this transformation. This
means that an asymmetric state is realized in a symmet-
rical system. This is called the spontaneous symmetry
breaking because it is a spontaneous process. When a
continuous symmetry is broken spontaneously, a mass-
less boson, called the Nambu-Goldstone boson (NG bo-
son) emerges[1–3]. Two general proofs of their existence
were then given in Ref.[3, 4]. The spontaneous symme-
try breaking has been an interesting subject since then
in field theory[5–17] and in the study of magnetism and
superconductivity before then[18–23].
The Ward-Takahashi identity follows from the in-
variance of the Lagrangian[24, 25]. When the cur-
rent conservation is violated by symmetry breaking, the
Ward-Takahashi identity is never followed. The Ward-
Takahashi identity is restored to hold, however, by means
of the existence of the Nambu-Goldstone boson. This was
examined in Ref.[6, 26]. The Ward-Takahashi identity is
modified when the continuous symmetry is spontaneously
broken.
Recently, the spontaneous symmetry breaking was
classified into two groups Type I and Type II[11–14], and
the dispersion relation of the Nambu-Goldstone boson
was clarified following this classification. However, the
relation between the Nambu-Goldstone boson and the
order parameter is not clear since the theory is primarily
based on the algebra of conserved quantities. The order
parameter is important in the second-order phase transi-
tion which is realized as a spontaneous symmetry break-
ing. In this paper, we focus on the second-order phase
transition, and show that the Nambu-Goldstone bosons
are fully characterized by the transformation property of
the order parameter ∆ under symmetry trasformation of
a system.
In this paper, we investigate the system with an invari-
ance under the continuous transformation group G (com-
pact Lie group). We focus on non-relativistic models in
this paper. The Nambu-Goldstone boson is expressed by
means of the bases of Lie algebra of G once the order
parameter ∆ is expressed as the expectation value of a
boson field or a product of fermion fields. A new proof is
given to show that the Nambu-Goldstone boson indeed
represents a massless particle. Several proofs were given
to show the existence of the Nambu-Goldstone boson
when a continuous symmetry is spontaneously broken[4].
These proofs are, however, formal and abstract. It is
helpful to give an explicit proof of the existence of the
NG boson, and formulate the NG boson by means of
fermion or boson fields explicitly.
We introduce a small symmetry breaking term in the
Lagrangian (or the Hamiltonian) like the Zeeman term in
a ferromagnet. When the ground states are degenerate
continuously, operatorsQa, generators of transformation,
are not well-defined in the Hilbert space. The symmetry
breaking term, namely, the external field is introduced so
that the ground state is unique and the matrix elements
of Qa are defined. Lastly we take the vanishing limit of
external field.
We also examine the Ward-Takahashi identity which is
violated when there is a spontaneous symmetry breaking.
The Ward-Takahashi identity is restored by including a
contribution of the Nambu-Goldstone boson. In other
words, the breaking of the Ward-Takahashi identity is
compensated by the inclusion of the Nambu-Goldstone
boson.
This paper is organized as follows. In the next section,
we give a formulation of spontaneous symmetry breaking
and give a formula for the Nambu-Goldstone boson πa.
2We first examine a fermion system. We show that πa
represents a massless boson. We give several examples
of spontaneous symmetry breaking. In the section III,
the Ward-Takahashi identity with the correction from the
Nambu-Goldstone bosons is investigated, where the NG
boson-fermion coupling (vertex function) is introduced.
The equation for the Green’s function of NG bosons is
obtained by using the NG boson-fermion vertex function.
We give a summary in the last section.
II. NAMBU-GOLDSTONE BOSON
A. Invariant Lagrangians
We consider models that are invariant under a con-
tinuous symmetry transformation of a Lie group G. A
fermion Lagrangian is given in the form,
LF = ψ
†iΓµ∂µψ + V (ψ), (1)
where ψ represents a fermion field. We can also examine
a boson Lagrangian given as
LB = φ
†
(
ih¯
∂
∂t
+ ξ(∇)
)
φ− V (φ), (2)
or the Lagrangian
LB =
1
2
∂µφ
†∂µφ− V (φ), (3)
where φ is a scalar field, V (φ) is the potential term and
ξ(∇) is the dispersion relation.
We investigate a fermion system in the following.
When the Lagrangian is invariant under the transforma-
tion ψ → ψ + δψ, we have the conserved current
jµ =
δL
δ(∂µψ)
δψ, (4)
with ∂µj
µ = 0. Let us denote the conserved currents as
jµa when there are several conserved currents and the cor-
responding conserved quantities as Qa. Let us consider
a Lie group (transformation group) G and corresponding
representation of fermion field ψ. Let g be the Lie alge-
bra of the Lie group G. We denote the basis set of the
Lie algebra g as {Ta}. We assume that Ta is hermitian.
The field transformation ψ → ψ + δψ is given by
ψ → e−iθTaψ = ψ − iθTaψ +O(θ
2), (5)
where θ is an infinitesimal parameter. We write
δψ = −iθTaψ, (6)
and define the conserved quantities as
Qa =
∫
drJ0a(r), (7)
where we set
Jµa =
1
θ
jµa . (8)
We put Γ0 = 1 for simplicity to obtain
[Qa, ψ] = −Taψ, (9)
and
Qa =
∫
drψ†Taψ. (10)
B. Spontaneous Symmetry Breaking
Let us introduce the term to the Lagrangian, which
breaks the symmetry:
LSB = λψ
†Mψ, (11)
whereM is a c-number hermitian matrix in {Ta}. λ is an
infinitesimal real number and we let λ→ 0 at the end of
calculations. LSB is the external field such the Zeeman
term in a ferromagnet. We denote the total Hamilto-
nian including the symmetry breaking term as HT . We
assume that the ground state of HT is unique, so that
we avoid the difficulty stemming from the degeneracy of
ground states[27]. If the ground state is not unique, we
must add another symmetry breaking term to the La-
grangian to lift the degeneracy.
We define the order parameter ∆ as the expectation
value of this term:
∆ = 〈ψ†Mψ〉. (12)
We define that the symmetry generated by Qa with
[Ta,M ] 6= 0 is spontaneously broken when ∆ is finite
(6= 0) in the limit λ→ 0. The susceptibility χ∆ is define
as
χ∆ = lim
λ→0
∆
λ
. (13)
χ∆ diverges when there is a spontaneous symmetry
breaking.
Under the transformation ψ → ψ− iθTaψ, LSB trans-
forms to LSB + δLSB where
δLSB = iθλψ
†[Ta,M ]ψ. (14)
In this case, the current jµ is not conserved:
∂µj
µ
a = δLSB. (15)
Then we have
∂µJ
µ
a = iλψ
†[Ta,M ]ψ. (16)
The divergence ∂µJ
µ
a is nothing but a Nambu-Goldstone
boson. We define the Nambu-Goldstone boson as
πa = iψ
†[Ta,M ]ψ. (17)
3This means
∂µJ
µ
a = λπa. (18)
We show that πa indeed indicates a massless boson in the
subsection 2.4.
Similarly, the Nambu-Goldstone in a boson system
emerges. We introduce the symmetry breaking term LSB
to the Lagrangian LB . For example, we add
LSB = λ(φ + φ
†). (19)
Examples of scalar field theories are discussed in the sub-
section 2.3.
C. Examples of Symmetry Breaking
We show several examples of spontaneous symmetry
breaking on the basis of our formulation in this subsec-
tion.
1. Ferromagnetic transition
We consider the fermion Lagrangian in Eq.(1) where
ψ is given by a doublet of fermions:
ψ(x) =
(
ψ↑(x)
ψ↓(x)
)
. (20)
Here ψσ represents the annihilation operator of fermion
with spin σ. The symmetry group is G = SU(2) and the
bases {Ta} are given by Pauli matrices Ta = σa (a = 1, 2
and 3). The structure constants are fabc = 2ǫabc. The
Lagrangian is invariant under the transformations
ψ → e−iθσaψ, (21)
for a = 1, 2 and 3. The symmetry breaking term is given
by the magnetization of electrons:
LSB = λψ
†σ3ψ = λ(ψ
†
↑ψ↑ − ψ
†
↓ψ↓). (22)
When ∆ ≡ 〈ψ†σ3ψ〉 6= 0 in the limit λ → 0, the sym-
metry is broken spontaneously. Since [σ1, σ3] 6= 0 and
[σ2, σ3] 6= 0, this term breaks the symmetry ψ → e
−iθσaψ
for a = 1, 2. The Nambu-Goldstone bosons are
π1 = iψ
†[σ1, σ3]ψ = 2ψ
†σ2ψ,
π2 = iψ
†[σ2, σ3]ψ = −2ψ
†σ1ψ. (23)
The excitation mode represented by π1 and π2 is spin-
flip process, that is, the spin-wave excitation. We make
a linear combination of π1 and π2 as π ≡ (iπ1 − π2)/4 =
ψ†↑ψ↓ and π
† = (−iπ1− π2)/4 = ψ
†
↓ψ↑. Actually, there is
only one Nambu-Goldstone boson π in a ferromagnetic
state.
2. Antiferromagnetic transition
In the case of antiferromagnetic transition, we divide
the space into two sublattices called A and B. We adopt
that electrons are on a bipartite lattice. We denote the
fermion fields on A and B sublattices as ψA and ψB, re-
spectively. We have SU(2) symmetry in each sublattice.
The symmetry breaking term is
LSB = λψ
†
Aσ3ψA + λψ
†
Bσ3ψB. (24)
The order parameters are ∆A = 〈ψ
†
Aσ3ψA〉 and ∆B =
〈ψ†Bσ3ψB〉 with the constraint ∆A + ∆B = 0 in the an-
tiferromagnetic case. In a similar way as in the ferro-
magnetic case, π = (iπ1 − π2)/4 (and its conjugate π
†)
is the Nambu-Goldstone boson in each sublattice. Thus
we have two NG bosons πA and πB in this case.
3. Scalar field theories
(a) Single-component scalar field
Let us consider a complex scalar field model with the
Lagrangian,
L = φ†
(
ih¯
∂
∂t
+
h¯2
2m
∇2 + µ
)
φ(x)−
gφ
2
φ†(x)φ†(x)φ(x)φ(x),
(25)
where gφ is the coupling constant, x = (t, r) and we set
h¯ = 1. The Lagrangian is invariant under the transfor-
mation
φ→ e−iθφ. (26)
The conserved current is given by j0 = iφ†δφ = θφ†φ,
and jk = −(1/2m)(∂kφ
†)δφ = iθ(1/2m)(∂kφ
†)φ (k = 1,
2 and 3). We define Jµ = jµ/θ so that
J0 = φ†φ, Jk = i
1
2m
(
∂kφ
†
)
φ. (27)
We include the symmetry breaking term:
LSB = λ(φ + φ
†). (28)
The divergence of the current is ∂µj
µ = δLSB =
−iλθ(φ− φ†). The order parameter is
∆ = 〈φ+ φ†〉. (29)
Since ∂µJ
µ = λπ, the Nambu-Goldstone boson is given
as
π = i(φ† − φ). (30)
(b) Multi-component real scalar field
A symmetry breaking in a system with a multi-
component model is similarly examined. For exam-
ple, let us turn to a real three-component scalar field
φ =t (φ1, φ2, φ3) with the Lagrangian
L =
1
2
(∂µφi)(∂
µφi)− V (φ), (31)
4where the summation convention is applied and V (φ) is
the potential. We assume that the Lagrangian is invari-
ant under the action of G = SO(3). The bases of the Lie
algebra of SO(3) are
Jx =

 0 0 00 0 −i
0 i 0

 , Jy =

 0 0 i0 0 0
−i 0 0

 ,
Jz =

 0 −i 0i 0 0
0 0 0

 . (32)
Let us adopt that there occurs a spontaneous symmetry
breaking. We choose the symmetry breaking term as
LSB = λφ3. (33)
LSB is invariant under the transformation φ → e
iJzθzφ.
For the transformation φ→ eiJxθxφ, however, we have
δLSB = −λθxφ2. (34)
Similarly,
δLSB = λθyφ1, (35)
under the transformation φ → eiJyθyφ. Then, we have
two massless bosons φ1 and φ2 and one massive scalar
field φ3. For example, This is easily seen for the potential
L =
1
2
(∂µφi)(∂
µφi)−
m2
2
φiφi − g(φiφi)
2, (36)
with m2 < 0 and g > 0 by expanding the potential V
around the minimum.
(c) Multi-component complex scalar field
A model with a complex multi-component scalar field
exhibits similar symmetry breaking. Let us consider a
complex three-component scalar field theory given as
L = ∂µφ
†∂µφ−
m2
2
φ†φ− g(φ†φ)2, (37)
where φ =t (φ1, φ2, φ3) and g > 0. The Lagrangian has a
SU(3) symmetry. The bases are given by the Gell-Mann
matrices λa (a = 1, · · · , 8): {Ta = λa/2}[28]. We adopt
m2 < 0 and consider the symmetry breaking term given
by
LSB = λ(φ3 + φ
†
3). (38)
This term is not invariant under the tranformation φ→
eiTaθaφ for a = 4, 5, 6, 7 and 8. Thus, after sponta-
neous symmetry breaking, we have five massless Nambu-
Goldstone bosons and one massive scalar field. The mas-
sive boson is φ3+φ
†
3 with the mass 8ga
2 for a = Re〈φ3〉,
and massless bosons are φ1, φ2 and i(φ3 − φ
†
3). The
number of massless bosons is obtained straightforwardly
in our formulation.
4. Superconducting transition
To discuss a superconducting transition, we use the
Nambu representation ψ =t (ψ↑, ψ
†
↓). Let us consider a
non-relativistic model of superconductivity given by
L = iψ†∂tψ − ψ
†σ3ξ(∇))ψ − gψ
†
↑(x)ψ↑(x)ψ
†
↓(x)ψ↓(x),
(39)
where the last term with the coupling constant g < 0 is an
attractive interaction term. This Lagrangian is invariant
under the transformation
ψ → e−iθσ3ψ. (40)
This is the U(1) phase transformation: ψσ → e
−iθψσ.
We add the following symmetry breaking term
LSB = λψ
†σ1ψ = λ(ψ
†
↑ψ
†
↓ + ψ↓ψ↑), (41)
so that the invariance is lost. Then from the general
theory the NG boson π is given as
π = iψ†[σ3, σ1]ψ = 2i(ψ
†
↑ψ
†
↓ − ψ↓ψ↑). (42)
π is shown to be a massless boson following the argument
in the subsection 2.4.
5. A multi-component fermion model
We can also consider a multi-component fermion field.
Let us consider a fermion triplet tψ = (ψ1, ψ2, ψ3). The
symmetry group is G = SU(3) and {Ta} are given by
the Gell-Mann matrices. We add the symmetry breaking
term
LSB = λψ
†T3ψ, (43)
for the symmetry breaking 〈ψ†T3ψ〉 6= 0. Then the sys-
tem is invariant under the transformation by T3 and
T8. NG bosons are given by πa = iψ
†[Ta, T3]ψ. Be-
cause the structure constants are given by f123 = 1 and
f345 = −f367 = 1/2, there are three NG bosons:
π1 = ψ
†T2ψ, π4 =
1
2
ψ†T5ψ, ψ6 = −
1
2
ψ†T7ψ. (44)
π2, π5 and π7 are also NG bosons, but these are not
independent.
When the symmetry breaking is given by 〈ψ†T8ψ〉 6= 0,
the symmetry group G reduces to H = {T1, T2, T3, T8}.
In this case, we have two NG bosons.
D. Proof that pia is an NG Boson
The pole of the Green’s function gives information on
the energy spectrum of the particle[29]. Thus, we inves-
tigate the Green’s function in the following.
5The normalization of {Ta} is given as
TrTaTb = cδab, (45)
where c is a real constant: c ∈ R. The commutators are
[Ta, Tb] =
∑
c
ifabcTc, (46)
where fabc are structure constants of the Lie algebra g.
We use the relation
∑
ab
fabcfabd = C2(G)δcd, (47)
where C2(G) indicates the Casimir invariant of the Lie
group G. C2(G) is given by
C2(G) = 2Nc for G = SU(N) (48)
= (N − 2)c for G = O(N). (49)
For example, for SU(2), we have C2(G) = 8 when we use
c = 2. The above relation results in
∑
a
[Ta, [Ta, Tb]] =
∑
acd
facbfacdTd = C2(G)Tb. (50)
Let M be an element of the basis set of g: M = Tm ∈
{Ta}. From Eq.(9), we have
eiθQaψ†e−iθQa [M,Ta]e
iθQaψe−iθQa
= ψ†[M,Ta]ψ + iθψ
†[Ta, [M,Ta]]ψ +O(θ
2)
= −i
∑
c
famcψ
†Tcψ − iθ
∑
cd
facmfacdψ
†Tdψ +O(θ
2).
(51)
We assume that 〈ψ†Tmψ〉 = 〈ψ
†Mψ〉 6= 0 and 〈ψ†Tdψ〉 =
0 (d 6= m). Then, the order parameter is written as
∆ = 〈ψ†Mψ〉
= lim
θ→0
i
θ
∑
c f
2
acm
〈eiθQaψ†e−iθQa [M,Ta]e
iθQaψe−iθQa〉
= lim
θ→0
i
θ
∑
c f
2
acm
〈eiθQaψ†[M,Ta]ψe
−iθQa〉
= lim
θ→0
−1
θ
∑
c f
2
acm
〈eiθQaπae
−iθQa〉. (52)
Here, because Qa is an operator (not matrix), we used
e−iθQa [M,Ta]e
iθQa = [M,Ta].
We write the Hamiltonian of the system as H0 and add
the symmetry breaking term:
HT ≡ H0 +Hλ, (53)
where
Hλ = −λ
∫
drψ†Mψ. (54)
Let us denote the ground state of HT as φ: HT : HTφ =
Eφ. From our assumption, φ is a unique ground state.
We consider
Aa ≡ 〈φ|e
iθQaπa(r)e
−iθQa |φ〉
= 〈φ|eiHT teiθQaπa(r)e
−iθQae−iHT t|φ〉. (55)
We use the notation φ˜ = e−iθQaφ to write
Aa = 〈φ˜|e
−iθQaeiHT teiθQaπa(r)e
−iθQae−iHT teiθQa |φ˜〉.
(56)
Here we define the effective Hamiltonian H˜ , using the
Campbell-Baker-Hausdorff formula:
e−iθQae−iHT teiθQa = exp (−iHT t+ θt[HT , Qa] + · · · )
≡ exp(−iH˜t). (57)
Because of the relation
i[Qa, ψ
†Mψ] = πa, (58)
we obtain
H˜ = HT + iθ[HT , Qa] +O(θ
2)
= HT + θλ
∫
drπa(r) +O(θ
2). (59)
This results in
Aa = 〈φ˜|e
iH˜tπa(r)e
−iH˜t|φ˜〉
= 〈φ˜|U(t, 0)†πa(r, t)U(t, 0)|φ˜〉, (60)
where U(t, t′) is given by
U(t, t′) = eiHT te−iH˜(t−t
′)e−iHT t
′
, (61)
and
πa(r, t) = e
iHT tπa(r)e
−iHT t. (62)
We can show that φ˜ is an eigenstate of H˜ : H˜φ˜ = Eφ˜.
Hence, from the Gell-Mann-Low adiabatic theorem[30],
we have
φ˜ = U(0,−∞)φ, (63)
where φ is the eigenstate of the Hamiltonian without the
perturbation by θ term, namely, the eigenstate of HT .
This leads to
Aa = 〈φ|U(t,−∞)
†πa(r, t)U(t,−∞)|φ〉. (64)
We defined a time-ordered exponential as
U(t,−∞) = T exp
(
−i
∫ t
−∞
H1(t
′)dt′
)
, (65)
where
H1 = −θλ
∫
drπa(r), (66)
6and we use the notation H1(t) = e
iHT tH1e
−iHT t. Aa is
expanded in terms of H1 as follows:
Aa = 〈φ|πa|φ〉 − i
∫ t
−∞
dt′〈φ|[πa(r, t), H1(t
′)]|φ〉 +O(H21 )
= 〈φ|πa|φ〉+ iθλ
∫
dr′
∫ t
−∞
dt′〈φ|[πa(r, t), πa(r
′, t′)]|φ〉
+O(H21 )
= 〈φ|πa|φ〉 − θλ
∫
dr′
∫ ∞
−∞
dt′DRaa(t− t
′, r− r′)
+O(H21 ), (67)
where we defined the retarded Green’s function,
DRaa(t− t
′, r−r′) = −iθ(t− t′)〈[πa(r, t), πa(r
′, t′)]〉. (68)
By means of the Fourier transform given by
DRaa(ω, r− r
′) =
∫ ∞
−∞
dtDRaa(t, r− r
′)eiωt, (69)
we obtain
Aa = 〈φ|πa|φ〉 − θλ
∫
dr′DRaa(ω = 0, r− r
′), (70)
where the retarded Green’s function DRaa(ω, r − r
′) is
continued to the thermal Green’s function Daa(iǫn →
ω + iδ, r − r′) taking the limit ω → 0, by analytic
continuation[29]. The thermal Green’s function is given
as
Daa(τ − τ
′, r− r′) = −〈Tτπa(r, τ)πa(r
′, τ ′)〉
=
1
β
∑
n
e−iǫn(τ−τ
′)Daa(iǫn, r− r
′).
(71)
Here, Tτ is the time-ordering operator. Because
〈φ|πa|φ〉 = 0, the gap function is written as
∆ = lim
θ→0
−1
θ
∑
c f
2
acm
Aa
=
1∑
c f
2
acm
λDaa(ω = 0,q = 0), (72)
where Daa(ω = 0,q = 0) is the q = 0 and ω = 0 compo-
nent of the Fourier transform of Daa(ω, r− r
′).
When ∆ is finite (6= 0) in the limit λ→ 0, this formula
indicates that Daa is given in the form for small λ:
Daa(ω,q) =
P2(ω,q)
aλ+ P1(ω,q)
, (73)
where P1 and P2 should satisfy P1(ω,q) → 0 as q → 0
and ω → 0 and P2(ω,q) is a constant 6= 0 in the same
limit. a is also a constant (6= 0) in this limit. In the limit
λ → 0, Daa reads Daa(ω,q) = P2(ω,q)/P1(ω,q). Since
P1 has a zero at ω = 0 and q = 0, we have the dispersion
relation ω(q) satisfying
ω(q)→ 0 as q→ 0. (74)
For example, for a ferromagnet, we add the Zeeman
term to the Hamiltonian: Hferro = −J
∑
jµˆ Sj · Sj+µˆ −
Hz
∑
j Sjz where the vectors µˆ connect the site j with its
nearest neighbors on a lattice. The term with Hz breaks
a rotational symmetry. The dispersion relation for the
spin wave excitation (NG mode) is
ω(q) = Hz + JS
∑
µˆ
(q · µˆ)2, (75)
for small |q · µˆ|. This form is consistent with the form in
Eq.(73) when we expand P1 in terms of ω and q.
In the normal phase where ∆ vanishes as λ → 0, we
have from Eq.(72)
χ∆ = Daa(ω = 0,q = 0), (76)
where we scaled λ so that the coefficient is unity. It is
sometime adopted that a fluctuation mode is written in
the form
D−1(ω,q) ≃ δ + P (ω,q), (77)
where δ indicates the distance from the transition point
and P (ω = 0,q = 0) = 0. In the spin-fluctuation theory
for a ferromagnet, we use P (ω,q) = Aq2 + iCω/q at
T > Tc where q = |q|, and A and C are constants[31].
The Eq.(76) results in
δ = χ−1∆ . (78)
From Eq.(72), we obtain the expression,
∆ =
1
C2(G)
λ
′∑
a
Daa(ω = 0,q = 0), (79)
where
∑′
a indicates that we do not include Ta which
commutes with M . The field πa = iψ
†[Ta,M ]ψ with
[M,Ta] 6= 0 indicates the massless Nambu-Goldstone
boson. When there is the symmetry breaking term
LSB = λψ
†Mψ, the symmetry is reduced from G to a
subgroup H . [M,Ta] 6= 0 means that Ta is in G/H .
E. NG Boson Green’s Functions and Vanishing
Theorem
Let us investigate the Nambu-Goldstone Green’s func-
tions given by
Dab(x − y) = −i〈Tπa(x)πb(y)〉, (80)
for x = (x0 = t, r). Let M = Tm and consider
eiθQbψ†e−iθQb [Tm, Ta]e
iθQbψe−iθQb
= −i
∑
c
famcψ
†Tcψ + iθ
∑
cd
famcfbcdψ
†Tdψ +O(θ
2).
(81)
7Because 〈ψ†Tcψ〉 = 0 (c 6= m), we have
〈eiθQbψ†e−iθQb [Tm, Ta]e
iθQbψe−iθQb〉
= iθ
∑
cd
famcfbcd〈ψ
†Tdψ〉+O(θ
2)
= −iθ
∑
c
famcfbmc〈ψ
†Tmψ〉+O(θ
2). (82)
We assume a 6= b with a 6= m and b 6= m. There are two
cases: (i)
∑
c famcfbmc 6= 0 and (ii)
∑
c famcfbmc = 0.
First, let us consider the case
∑
c famcfbmc 6= 0. Then
we obtain
∆ = 〈ψ†Tmψ〉
= lim
θ→0
−1
θ
∑
c famcfbmc
Aab, (83)
where
Aab = 〈φ|πa|φ〉 − θλ
∫
dr′
∫ ∞
−∞
dtDRab(t− t
′, r− r′) +O(θ2)
= θλDab(ω = 0,q = 0) +O(θ
2). (84)
We put 〈φ|πa|φ〉 = 0. This leads to
∆ =
1∑
c famcfbmc
λDab(ω = 0,q = 0). (85)
This indicates that in the limit λ→ 0,
Dab(ω = 0,q = 0) ∝
1
λ
. (86)
Hence the NG boson Green’s function Dab(ω,q) also has
a pole for ω → 0 and q→ 0 if
∑
c famcfbmc 6= 0.
In real algebras, the condition
∑
c famcfbmc 6= 0 some-
times leads to that πa and πb are identical: πa = πb. For
example, let us consider [Ta, Tm] = βTc, [Tb, Tm] = γTc,
[Ta, Tb] = 0 and [Tc, Tm] = −βTa − γTb for constants
β and γ. In this case, πa ∝ ψ
†Tcψ is the same as
πb ∝ ψ
†Tcψ, and we have two NG bosons πa and
πc = −iβψ
†Taψ − iγψ
†Tbψ.
Now let us consider the case
∑
c famcfbmc = 0. In this
case we have
〈eiθQbψ†e−iθQb [Tm, Ta]e
iθQbψe−iθQb〉 = 0
= i〈eiθQbπae
−iθQb〉. (87)
This results in the vanishing property:∫
dt
∫
drDab(t, r) = Dab(ω = 0,q = 0) = 0, (88)
if
∑
c famcfbmc = 0. Thus we obtain the vanishing of
the space-time integral of the NG boson Green’s function
Dab(t, r) under the condition
∑
c famcfbmc = 0. In this
case Dab does not represent a massless mode.
The vanishing of the Green’s function occurs, for ex-
ample, when three elements of a basis set {T1, T2, T3} are
closed:
[Ta, Tb] = i
∑
c
ǫabcTc, (89)
where ǫabc is the totally antisymmetric symbol with
ǫ123 = 1. We assume that 〈ψ
†T3ψ〉 6= 0 and 〈ψ
†T1ψ〉 =
〈ψ†T2ψ〉 = 0. The NG bosons are given by π1 = ψ
†T2ψ
and π2 = −ψ
†T1ψ. Then, the propagators D11 and D22
represent massless modes and we have
∫
dt
∫
drD12(t, r) = 0. (90)
This means that there is a constraint on π1 and π2 and
that π1 and π2 are not independent. Thus we have only
one NG boson in this base.
= − −
q k
(q − k)µ
q k
Jµa
q k
gc
a
FIG. 1: Generalized Ward-Takahashi identity with the NG
boson. The straight line indicates the fermion propagator,
and the coil-shaped line shows the current Jµa . The dashed
line indicates the NG boson propagator. The fermion-NG
boson coupling (matrix) is denoted as gc.
III. WARD-TAKAHASHI IDENTITY WITH NG
BOSONS
A. Modified Ward-Takahashi Identity
We have conserved currents Jµa with ∂µJ
µ
a = 0 when L
is invariant under some transformation. When the sym-
metry is spontaneously broken, non-vanishing ∂µJ
µ
a rep-
resents the Nambu-Goldstone boson. For the transfor-
mation ψ → ψ − iθTaψ, the current is
Jµa = ψ
†ΓµTaψ. (91)
Let us examine the expectation value
〈T (Jµa (x)ψ(y)ψ
†(z))〉 where x indicates the four
vector x = (x0, r). We evaluate the derivative of this
expectation value:
∂xµ〈T (J
µ
a (x)ψ(y)ψ
†(z))〉 = 〈T (∂xµJ
µ
a (x)ψ(y)ψ
†(z))〉
+ δ(x0 − y0)〈T ([J0a (x), ψ(y)]ψ
†(z))〉
+ δ(x0 − z0)〈T (ψ(y)[J0a(x), ψ
†(z)])〉. (92)
We set Γ0 = 1 (unit matrix) for simplicity and we have
J0a = ψ
†Taψ, Qa =
∫
drJ0a . (93)
We use the commutation relations:
δ(x0 − y0)[J0a (x), ψ(y)] = −δ(x− y)Taψ(x) (94)
δ(x0 − y0)[J0a(x), ψ
†(y)] = δ(x− y)ψ†(x)Ta. (95)
8This results in the following equation,
∂xµ〈T (J
µ
a (x)ψ(y)ψ
†(z))〉 = λ〈T (πa(x)ψ(y)ψ
†(z))〉
− δ(x− y)Ta〈T (ψ(x)ψ
†(z))〉
+ + δ(x− z)〈T (ψ(y)ψ†(z))〉Ta. (96)
This is the Ward-Takahashi identity with the Nambu-
Goldstone boson.
We define the Fourier transforms of correlation func-
tions. We introduce the vertex function Γµa :∫
d4x
∫
d4y
∫
d4ze−ip·x−ik·y+iq·z∂xµ〈TJ
µ
a (x)ψ(y)ψ
†(z)〉
≡ ipµi(2π)
4δ4(p+ k − q)G(k)Γµa(k, q)G(q), (97)
where G(k) is the Green’s function of fermion ψ given by
i(2π)4δ4(k−q)G(k) ≡
∫
d4y
∫
d4ze−ik·y+iq·z〈T (ψ(y)ψ†(z))〉.
(98)
k is the four momentum k = (k0,k). There appears
the expectation value 〈T (πa(x)ψ(y)ψ
†(z))〉 that contains
πa. The interaction between fermions would induce an
effective interaction between πa and fermions. Thus we
introduce the fermion-NG boson coupling (vertex func-
tion) ga(k, q):∫
d4x
∫
d4y
∫
d4ze−ip·x−ik·y+iq·z〈T (πa(x)ψ(y)ψ
†(z))〉
= (2π)4δ4(p+ k − q)
[∑
b
fambG(k)TbG(q)
+
∑
c
G(k)gc(k, q)G(q)Dca(q − k)
]
, (99)
where the summation with respect to c is taken for
which Dca does not vanish. Because πa is in gen-
eral a linear combination of ψ†Taψ, we can consider
〈T (ψ†(x)Taψ(x)ψ(y)ψ
†(z))〉. We define
Bab(x− y) = −i〈T (ψ
†Taψ)(x)(ψ
†Tbψ)(y)〉, (100)
and its Fourier transform given as
Bab(k) =
∫
d4xe−ik·(x−y)Bab(x− y). (101)
In the non-interacting case, Bab(k) is
B0ab(q) = −i
∫
d4k
(2π)4
TrTaG
0(k)TbG
0(k + q). (102)
Because we have
Dab(q) =
∑
cd
facmfbdmBcd(q), (103)
we set
fc(k, q) =
∑
a
famcga(k, q), (104)
to obtain∫
d4xd4yd4ze−ip·x−ik·y+iq·z〈T (ψ†(x)Taψ(x)ψ(y)ψ
†(z))〉
= (2π)4δ4(p+ k − q)
[
−G(k)TaG(q)
−
∑
c
G(k)fc(k, q)Bca(q − k)G(q)
]
.
(105)
In the momentum space, the Ward-Takahashi identity
is written in the form:
(q − k)µG(k)Γ
µ
a(k, q)G(q) = iTaG(q)− iG(k)Ta
−λG(k)Γa(k, q)G(q),
(106)
where
Γa(k, q) =
∑
c
famcTc +
∑
c
gc(k, q)Dca(q − k). (107)
This is diagrammatically shown in Fig.1 and is written
as
(q − k)µΓ
µ
a(k, q) = iG
−1(k)Ta − iTaG
−1(q)− λΓa(k, q).
(108)
This is the modified Ward-Takahashi identity with the
correction from the Nambu-Goldstone boson. We have
let that M = Tm ∈ {Tc}. Because λDab(q − k → 0) =∑
c famcfbmc∆ as λ→ 0, we obtain
λΓa(k, k)→
∑
cd
gc(k, k)fcmdfamd∆, (109)
as λ→ 0. Then we have the relation
iG−1(k)Ta − iTaG
−1(k)−∆
∑
c
gc(k, k)αca = 0, (110)
with αca =
∑
d famdfcmd. The Green’s function G(k) is
expressed as
G−1(k) = k0 − Γ · k− Σ(k), (111)
where we put Γµ = (Γ0 = 1,Γ), and the above relation
results in
iTaΣ(k)− iΣ(k)Ta +∆
∑
c
gc(k, k)αca = 0. (112)
When the interaction term is explicitly given, the self-
energy Σ(k) and the vertex Γa can be calculated. This
relation gives the equation for the order parameter ∆ and
the coupling constant gc.
B. Vertex Function for NG boson Green’s
Functions
Let us investigate the equations for Nambu-Goldstone
Green’s functions. First note that πa = iψ
†[Ta, Tm]ψ =
9= +
p
a
k
p + k
k
p + k
gc
a
τacτad τad
FIG. 2: Equation for the NG boson Green’s function. The
solid line indicates the fermion propagator, and the dashed
line shows the NG boson propagator. τad indicates τad =∑
d famdTd.
−
∑
c famcψ
†Tcψ. From Eq.(99), we have
〈Tπa(x)ψ(y)ψ
†(z)〉
=
∫
d4p
(2π)4
d4k
(2π)4
eip·x+ik·y−i(p+k)·z
×
[∑
c
famcG(k)TcG(p+ k)
+
∑
c
G(k)gc(k, k + p)Dca(p)G(k + p)
]
.
(113)
This indicates
Tr
∑
c
famcTc〈Tπa(x)ψ(y)ψ
†(y0 + δ,y)〉
= −
∑
c
famc〈Tπa(x)ψ
†(y0 + δ,y)Tcψ(y)〉
= 〈Tπa(x)πa(y)〉, (114)
where we use TrTcπa(x)ψ(y)ψ
†(y) =
Trπa(x)Tcψ(y)ψ
†(y) = −πa(x)ψ
†(y)Tcψ(y) because
πa(x) is an operator (not a matrix). Then the NG boson
Green’s function is given by
〈Tπa(x)πa(y)〉
=
∫
d4p
(2π)4
∫
d4k
(2π)4
eip·(x−y)Tr
∑
d
famdTd
×
[∑
c
famcG(k)TcG(p+ k)
+
∑
c
G(k)gc(k, k + p)Dca(p)G(k + p)
]
. (115)
This reads
Daa(p) = −iTr
∑
cd
∫
d4k
(2π)4
[
famdfamcTdG(k)TcG(k + p)
+ famdTdG(k)gc(k, k + p)G(k + p)Dca(p)
]
. (116)
This is shown diagrammatically in Fig.2. The Green’s
function for different NG bosons πa and πb is
Dab(p) = −iTr
∑
cd
∫
d4k
(2π)4
[
fbmdfamcTdG(k)TcG(k + p)
+ fbmdTdG(k)gc(k, k + p)G(k + p)Dca(p)
]
. (117)
When
∑
c famcfbmc = 0 for a 6= b, we neglect Dab (a 6= b)
because Dab(p)→ 0 as p→ 0. In this case, the equation
for Daa(p) reads
Daa(p) =
[
1 + iTr
∫
d4k
(2π)4
∑
d
famdTdG(k)
×ga(k, k + p)G(k + p)
]−1
× (−i)Tr
∑
cd
∫
d4k
(2π)4
famdfamcTdG(k)TcG(k + p).
(118)
ga(k.k + p) should be determined on the basis of the
Ward-Takahashi identity.
C. Higgs boson
We define the Higgs field h(x) by
h(x) = ψ†(x)Tmψ(x), (119)
where Tm is the basis corresponding to broken symmetry.
The Higgs boson indicates the fluctuation of the ampli-
tude of the order parameter ∆ = 〈ψ†Tmψ〉. Thus, in a
strict sense, the Higgs field should be defined as
δh(x) = ψ†(x)Tmψ(x) −∆. (120)
We simply call the field h(x) the Higgs field. h(x) is
composed of fermions as in the case of NG bosons. Thus
the Green’s function of the Higgs boson,
H(x− y) = −i〈T (h(x)h(y))〉
=
∫
d4p
(2π)4
eip·(x−y)H(p), (121)
is also evaluated in a similar way to that of Nambu-
Goldstone bosons. We introduce the vertex function
gH(k, k + p) to write
H(p) = −iTr
∫
d4k
(2π)4
[
TmG(k)TmG(k + p)
+ TmG(k)gH(k, k + p)G(k + p)H(p)
]
. (122)
The vertex function gH(k, k+p) will depend on the inter-
action between electrons. It is reasonable to assume that
gH(k, k + p) is proportional to Tm since h(x) = ψ
†Tmψ.
Thus we denote gH(k, k+ p) = gm(k, k+ p). The disper-
sion of the Higgs boson is determined by this equation.
D. NG Boson-NG boson and NG Boson-Higgs
Boson Couplings
Because we have the NG boson-fermion coupling and
the Higgs-fermion coupling, there are NG boson-NG bo-
son coupling and NG boson-Higgs coupling as effective
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interactions. The figures 3(a) and 3(b) indicate couplings
of two and three particles, respectively. Multi-particle
couplings also possibly exist. When the Lagrangian in-
cluding the interaction term is given, we can evaluate
multi-particle vertex functions using some calculation
methods.
The figure 3(a) shows NG boson-NG boson coupling
or NG boson-Higgs boson coupling. In general, the NG
boson-Higgs boson coupling πah vanishes because of the
orthogonality of bases Ta: TrTaTb = cδab.
ggc gc
NG NG,H
(a) (b)
NG
g
g
NG,H
NG,H
FIG. 3: NG boson-NG boson (or Higgs boson) couplings. The
solid line indicates the fermion propagator, and the dashed
line shows the NG boson or the Higgs boson propagator. (b)
shows the coupling such as piapibh. gc and g indicate the vertex
functions where g = gd or g = gH .
E. Some Physical Systems
1. Ferromagnetic transition
We take G = SU(2) and a fermion doublet ψ =t
(ψ↑, ψ↓). Let us consider the Hubbard model[32–35]
L = iψ†∂tψ − ψ
†ξ(∇)ψ − Uψ†↑(x)ψ↑(x)ψ
†
↓(x)ψ↓(x),
(123)
where ξ(∇) = ǫ(∇)−µ is the electron dispersion relation
with chemical potential µ and last term indicates the re-
pulsive interaction (U > 0). The bases {Ta} are given by
Pauli matrices: Ta = σa (a = 1, 2 and 3). The structure
constants are fabc = 2ǫabc. This Lagrangian is invariant
under the transformations
ψ → e−iθσaψ, (a = 1, 2, 3). (124)
The symmetry breaking term is given by the magnetiza-
tion of electrons for a ferromagnetic transition:
LSB = λψ
†σ3ψ = λ(ψ
†
↑ψ↑ − ψ
†
↓ψ↓). (125)
This term breaks the symmetry ψ → e−iθσaψ for a = 1,
2. The corresponding Nambu-Goldstone bosons are
π1 = iψ
†[σ1, σ3]ψ = 2ψ
†σ2ψ,
π2 = iψ
†[σ2, σ3]ψ = −2ψ
†σ1ψ. (126)
The excitation mode represented by π1 and π2 is spin-flip
process, that is, the spin-wave excitation. We make a lin-
ear combination of π1 and π2 as π ≡ (iπ1−π2)/4 = ψ
†
↑ψ↓
and π† = (−iπ1 − π2)/4 = ψ
†
↓ψ↑. Actually, there is only
one Nambu-Goldstone boson π in a ferromagnetic state.
This is consistent with the general theory for counting
the number of NG bosons[13, 14] and also with the van-
ishing theorem. As shown in the section II, π represents
a massless excitation.
The electron Green’s function is given in the form:
G =
(
G↑↑ 0
0 G↓↓
)
, (127)
where
Gσσ(x− y) = −i〈Tψσ(x)ψ
†
σ(y)〉. (128)
The self-energy Σ is similarly defined as
Σ =
(
Σ↑ 0
0 Σ↓
)
, (129)
where G−1σσ (k) = k0 − ξ(k) − Σσ. From the Ward-
Takahashi identity in Eq.(110), we obtain
iG−1σ1 − iσ1G
−1 −∆g1f
2
123 = 0, (130)
iG−1σ2 − iσ2G
−1 −∆g2f
2
123 = 0. (131)
We set ga =
∑
c ǫacmσcg˜ such as g1 = σ2g˜ and g2 =
−σ1g˜. Making a linear combination σ2 − iσ1, the above
relation results in
Σ↓(k)− Σ↑(k) = ∆f
2
123g˜(k, k). (132)
This is the relation between the electron-NG boson cou-
pling and the self-energy. When the self-energy is eval-
uated, the coupling constant g˜ is determined from this
relation. This relation can be also regarded as the gap
equation for ∆.
Because π = i(π1 + iπ2)/4, the correlation function in
Eq.(99) leads to
∫
d4x
∫
d4y
∫
d4ze−ip·x−ik·y+iq·z〈T (π(x)ψ(y)ψ†(z))〉
= (2π)4δ4(p+ k − q)
[
−G(k)
(
0 1
0 0
)
G(q)
− 4G(k)
(
0 1
0 0
)
G(q)g˜(k, q)D˜(q − k)
]
, (133)
where D˜(k) is the Fourier transform of the Green’s func-
tion of π:
D˜(x − y) = −i〈Tπ(x)π†(y)〉. (134)
Here we used the relation D˜ = D11/8 = D22/8. When
we calculate the Green’s function 〈T (π(x)ψ(y)ψ†(z))〉 by
means of the perturbation in Coulomb interaction U , the
correction of the order of U is
−G(k)
(
0 1
0 0
)
G(q)− UG(k)
(
0 1
0 0
)
G(q)D˜(q − k),
(135)
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in the momentum space. This gives
g˜(k, q) =
U
4
+ · · · . (136)
This is consistent with the self-energy-coupling relation
in Eq.(132) since the self-energy is given by Σσ = Un−σ+
· · · where nσ is the density of electrons with spin σ, and
we have ∆ = n↑ − n↓.
2. Superconductivity
We obtain the Ward-Takahashi identity for supercon-
ductors in a similar way[36, 37]. The Higgs field h is
defined as
h = ψ†σ1ψ = ψ
†
↑ψ
†
↓ + ψ↓ψ↑. (137)
Near the critical temperature, the effective action for h is
given by the time-dependent Ginzburg-Landau (TDGL)
action with the dissipation effect. The Higgs mode in
a superconductor is clearly defined at low temperatures
(T ≪ Tc). The Higgs Green’s function is given by
P11(ω,q) ≡ −i
1
2
Trσ1G0(ǫ,k)σ1G0(ǫ+ ω,k+ q), (138)
where G0 is the electron Green’s function:
G−10 (ǫ,k) =
(
ǫ− ξ(k) −∆
−∆ ǫ+ ξ(k)
)
, (139)
where ∆ is assumed to be real. 1/g + P11(ω,q = 0) has
a zero at ω = 2∆[37]. At absolute zero, for small ω and
q = |q|, we obtain
1
g
+P11(ω,q) = N(0)
[
1−
1
3
( ω
2∆
)2 ]
+N(0)
1
3
c2s
( q
2∆
)2
,
(140)
where we adopt the approximation that the density of
states is constant and we used the gap equation,
1
g
= N(0)
∫
dξ
1
2E(ξ)
. (141)
We put c2s = v
2
F /3.
The relativistic model of superconductivity is given by
the Nambu-Jona-Lasinio model[6]:
L = ψ¯iγµ∂µψ + gNJL[(ψ¯ψ)
2 − (ψ¯γ5ψ)
2]. (142)
This Lagrangian is invariant under the particle number
and Chiral transformations:
ψ → eiθψ, ψ¯ → ψ¯e−iθ (143)
ψ → eiγ5θψ, ψ¯ → ψ¯eiγ5θ. (144)
The symmetry breaking term is
LSB = λψ¯ψ, (145)
with M = γ0. Then the invariance under the transfor-
mation ψ → exp(iγ5θ)ψ is violated, and it is clear from
our general theory that the NG boson and Higgs boson
are given by
π = iψ¯γ5ψ, h = ψ¯ψ. (146)
IV. SUMMARY
We have given a formulation of the Nambu-Goldstone
boson in fermion and boson systems with spontaneous
symmetry breaking. The Nambu-Goldstone bosons are
determined when the order parameter in the phase tran-
sition is given in a system with a continuous symmetry.
The Nambu-Goldstone boson πa is explicitly given by the
formula πa = iψ
†[Ta, Tm]ψ for a fermion field ψ where
Ta and Tm are elements of basis set of the Lie algebra,
where Tm corresponds to the broken symmetry. We have
given a proof that πa is a boson with vanishing mass
by showing that the susceptibility χ∆ is proportional to
the NG boson Green’s function at ω = 0 and q = 0:
χ∆ ∝ Daa(ω = 0,q = 0).
When
∑
c famcfbmc = 0 holds, the vanishing property
holds where the Green’s function Dab(q) of πa and πb,
given by the Fourier transform of 〈Tπa(x)πb(y)〉, vanishes
in the limit q → 0: Dab(q = 0) = 0. This means that
two bosons πa and πb are not independent and there is a
constraint.
The Ward-Takahashi identity is generalized in the
presence of spontaneous symmetry breaking. The vi-
olation of the conservation of the current is compen-
sated by the inclusion of a contribution from the Nambu-
Goldstone boson. We introduced the NG boson-fermion
vertex function in the Ward-Takahashi identity. With
this vertex function, the equation for NG boson Green’s
functions is closed. The NG boson-NG boson couplings
and NG boson-Higgs boson couplings are also introduced
due to the NG boson-fermion and Higgs boson-fermion
vertex functions.
The Nambu-Goldstone boson degrees of freedom lead
to the effective Lagrangian. They describe the spin wave
in magnetic systems[38, 39] and the effective model is
in general given by the non-linear sigma model[39–41].
In superconductors, the effective action is given by the
sine-Gordon model[42–46]. We expect that the coupling
between NG bosons and fermions can be determined on
the basis of the Ward-Takahashi identity.
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